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1. Introduction
The study of semiclassical soliton scattering and moduli spaces has a long and rich
history. A beautiful chapter, relevant to the present work, began with the realization that a
pair of slowly-moving supersymmetric BPS monopoles is described by quantum mechanics
on the two-monopole moduli space, which turns out to be the Atiyah-Hitchin space [1,2].
The number of bound states is then determined by the moduli space cohomology, and is
in agreement with predictions from S-duality [3].
It is natural to try to develop a similar picture for supersymmetric black holes. This
problem is especially interesting because it provides a new angle to study the deep puzzles
associated to quantum mechanical black holes. Work on construction of the N-black hole
moduli space, which we shall denote M
N
, began in the early eighties [4,5]. However the
black hole problem turns out to be considerably more subtle than its monopole counterpart,
in part because of divergences near the horizon at intermediate stages of the calculation.
The supersymmetric moduli space for N  3 has been found only very recently [6-9].
1
1
The moduli space in [5] is inconsistent with supersymmetry at sixth order in the black hole
masses and was corrected in [8].
1
Now that the moduli space is known, it is natural to try to compute the number of
bound states of N black holes or, more reliably, the supersymmetric bound state index
I
(N)




















angular momentum operators. Here one immediately encounters a
puzzle. The moduli space quantum mechanics contains a divergent continuum of states
describing highly redshifted, near-coincident black holes.
2
In order to compute I
(N)
one
must regulate this continuum. It is not obvious how the regulator should be chosen.
A relevant discovery in [6] is that this infrared continuum of states is in a represen-
tation of an enhanced superconformal symmetry. This observation is obviously pertinent




correspondence, but the precise
connection remains mysterious.
3
In [12] it was shown that the superconformal symmetry
singles out a natural regulator for the infrared continuum. This regulator was then used
to relate the index to `superconformal cohomology' on the moduli space. Superconformal
cohomology employs the nilpotent operator @   D, where the (1; 0) form D is associ-
ated to conformal scale transformations on M
N
. The cohomology was computed in [12]









In the present paper we present a solution of the superconformal bound state problem





). It is shown that for the N black hole problem the superconformal cohomology

























Near-horizon infrared divergences of this type have appeared in a variety of contexts in black
hole physics. The presence of a divergent continuum of states, with a naively innite capacity for
information storage, is closely related to the information puzzle. Therefore we expect a proper
understanding of how to regulate this infrared divergence to be relevant to the information puzzle.
3
The enhanced superconformal symmetry group of the black hole quantum mechanics is the











. However the CFT
1
envisioned in [10] was e.g. the quantum mechanics of
a wrapped D-brane moduli space of the type considered in [11], which on the face of it is rather
dierent.
2
where the sum is over all the superconformal chiral primary states in the N-black hole





(1   yz)(y   z)
Z
(3)
(y; z) = 2

yz





The generating function Z
(N)
is not (as far as we know) invariant under supersymmetric
corrections to the black hole quantum mechanics, so it is more natural to use the index
I
(N)
found by setting z =  1 in (1.3). This index is invariant under all deformations that
preserve the superconformal structure of the quantum mechanics.
This paper is organized as follows. Section 2 contains a review of the geometry of the
black hole moduli space, the superconformal structure, and the relation of the index to
moduli space cohomology. This material is largely from [6,12] and much of it is reviewed
in [13]. In section 3 we show that the cohomology lives only in the middle dimension. In




for two black holes, generalizing
the result of [12]. In section 5 we prove two more vanishing theorems that reduce the
problem to the consideration of cohomology classes on certain subsets of the moduli space.
In the three black hole case this cohomology may be found exactly using several Mayer-




. In section 6 we raise
the issue of uniqueness of our adopted denition of the index. We discuss an alternate
denition which does not involve the superconformal structure and gives a trivial result
(at least for N = 2).
2. Review of Superconformal Black Hole Quantum Mechanics
In this section we review pertinent results on the quantum mechanics of slowly moving
black holes. We follow the notation of [12] where many of the statements are derived in
more detail.
Consider N slowly moving BPS black holes in ve-dimensional N = 2 supergravity
with no matter. For suÆciently slow motion, the dynamics governing the relative positions





are parameterized by the relative positions of the N
4




The quantum mechanics has four linearly realized Poincare supersymmetries
inherited from the four spacetime symmetries which are unbroken by the BPS black holes.




global symmetry arising from spatial rotations and an




At very low energies one nds that the theory splits into two dierent types of de-
coupled sectors. One describes noninteracting, freely moving black holes while the other
describes strongly interacting, near-coincident black holes. The near-coincident quantum
mechanics has an enhanced superconformal symmetry D(2; 1; 0) which has eight super-
charges and incorporates SU(2)
R
spatial rotations [15,6]. We denote the near-coincident
moduli space M
N
. The superconformal structure highly constrains the geometry of M
N
[16] as we now describe.
2.1. The Geometry of M
N
The near-coincidentN-black hole moduli spaceM
N


















































; a = 1; 2; :::; n (2:4)
5
In the N -monopole problem, the moduli space has an asymptotic identication under the
permutation group S
N
, corresponding to the fact that the monopoles are identical particles. This
identication is required for smoothness of the moduli space in the interior. In the black hole case,
in contrast, the moduli space is smooth without identications. Implementing S
N
identications
could induce extra cohomology above and beyond what we nd herein. Whether or not this is
appropriate may depend on microscopic considerations and cannot be semiclassically determined
[14]. In this paper we do not consider such identications.
6

















are built out of the real coordinates




; A = 1; :::;N after factoring out the center of mass in the usual
way. We will use indices a; b; ::: for the n complex coordinates and M;N; ::: for the 2n real























Although this function is at rst sight divergent, the innite part of L does not contribute
to the metric (2.3)|we refer the reader to appendix A for details. Removing this irrelevant

























































D (D) to denote










The imaginary part of (2.8) is part of an SU(2)
R











; r = 1; 2; 3: (2:10)










; r = 1; 2; 3; (2:11)
where K
r
are the triplet of anti-self dual complex structures.






















































2.2. The Hilbert Space as (p; 0)-Forms
The Hilbert space of the black hole quantum mechanics can be identied with the






















The action of the superconformal algebra is simply represented on (p; 0)-forms. D(2; 1; 0)




















































The bosonic R-symmetry in SU(1; 1j2) is SU(2)
R
, and is generated by the Lie derivatives




. The operator L
0
is the
















































Commutators of these basic operators then generate the full algebra.
8
In contrast to the conventions of [12], we here include complex conjugation.
6
2.3. Chiral Primaries










. From (2.17) this is equivalent to the harmonic condition
@f
p











), which we dene to be
the cohomology of normalizable (p; 0)-forms on M
N
relative to the dierential operator
@   2D. The D(2; 1; 0) algebra can be used to show that a normalizable solution of (2.19)


















































is the eigenvalue of and f
p
is an eigenform of J
3
R
. These last two equations follow








relations may be found in [12]. A chiral primary with j
R
= 0 would be an SU(2)
R
singlet




2.4. The Bound State Index
For theories with eight supercharges in ve dimensions, the weighted numbers of BPS
states are given by an index|roughly the dierence in the numbers of hypermultiplets
and vector multiplets. This index is invariant under smooth deformations of the theory.
It has been computed in some examples of M-theory compactications in [11]. For the
case of multi-black hole bound states, a prescription must be given for regulating the
infrared continuum of near-coincident black holes. In [12] a regulator was proposed which
amounts to working in a basis of L
0
rather than Hamiltonian eigenstates. L
0
diers
from the Hamiltonian by the potential K (equation (2.7)) which eliminates the infrared
divergences. With this prescription computing the index reduces to counting the chiral
7
primaries, weighted by ( )
2j
R




commute with all the















The quantum mechanics on M
N
and hence expression (2.24) does not include the center
of mass degrees of freedom of the N black holes. Including this would multiply (2.24) by










3. A Vanishing Theorem
In this section, we show that chiral primaries f
p




= N   1. We will take f
p
to be a J
3
R
eigenform with eigenvalue j
R
and hence




Given a chiral primary f
p














































If boundary terms can be ignored, this integral vanishes upon integration by parts with
respect to @. Note that the factor of e
 2K
in the integral insures that the boundary terms
vanish at large K.
We wish to show that the boundary terms vanish at small K as well. To do this,
we will introduce cuto functions into the integral and then show that the error terms
they introduce can be made arbitrarily small. Let 

: (0;1) ! [0; 1] be a sequence of
dierentiable compactly supported cuto functions such that 
































































bounded independent of .
























for some constant c
N
depending only on the number of black holes.
Thus, the integral (3.2) vanishes. Since the integrand is nonnegative it must vanish











state annihilated by I
 
. On the other hand, since SU(2)
I
mixes the
supercharges which annihilate a chiral primary only among themselves, chiral primaries
are representations of SU(2)
I
. It then follows from (3.8) that chiral primaries must be










) = 0; p 6= N   1: (3:10)
4. The Index for Two Black Holes




)) by direct com-






















































For n = 2, we nd that the chiral primary conditions (2.20)-(2.23) are satised only




D for some function  obeying




 = (1   2j
R
): (4:3)



















































































and ^ must be integrable on S
3






































. We may choose our basis of J
L
generators so

















































































. Summing the chiral





























































The index (4.7) does not generate all of the cohomology because of the unweighted
sum over j
R
























This partition function is not in general a supersymmetric invariant index of the black hole
quantum mechanics, but nevertheless usefully summarizes the results of our computation.





(1  yz)(y   z)
: (4:9)
5. The Index for Three Black Holes
The computation of the index for N > 2 black holes is considerably more involved. We
rst prove two more vanishing theorems that hold in the general N case. We then apply
these to the case of three black holes and, using several Mayer-Vietoris type arguments,
compute the bound state index.
5.1. Two More Vanishing Theorems











is the region near the singularities of the function K (i.e. near-coincident black holes)
andW
N
is the region where K is small (i.e. widely separated black holes). This result will
enter into the exact sequence for the cohomology derived in the next subsection.








which we take to obey Neumann boundary conditions on the region V
N
, so that the pullback
of h
p























This condition on h
p
follows from the requirement that h
p
be in the domain of @
y
, i.e. for
all p  1 forms g on V
N




is a cohomology element relative to @   2D then h
p
is a cohomology element relative




We consider the functional E(h
p
) dened as



















































= D is the adjoint of the wedge product with D = @K. In this expression the
norm is determined from (5.2). In the second line a boundary term which vanishes due to








































In writing (5.5) we assume the boundary @V
N






can be taken to be a J
3
R
eigenform with eigenvalue j
R
. Using fD; i
D
g = K together























































is near the region where one or more black holes are coincident, then the sum




. Also, note that the last term
in (5.6) is nonnegative if the outward unit normal to V
N




















This condition on V
N
of course has a j
R
dependence, but we suppress this in the following
to avoid cluttering the equations.
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It is a theorem from complex analysis that the bound (5.9) implies the vanishing of coho-
mology (see, e.g. section 4.4 of [17]). We therefore conclude that if V
N
obeys (5.7) and







) = 0: (5:10)
The simplest example of such a region is just V
N
= fK > 2j
R
+ 1g.





 fK < ag; (5:11)











, so the cohomology is unchanged.
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satises the appropriate bound. First, note that for any number  we may follow the logic
of (5.4) to get




















































































































a) > 0, so (5.17) implies
the vanishing of cohomology. We thus conclude that if the region W
N
satises (5.11) and







) = 0 for j
R
> 0: (5:18)
The simplest example of such a region is just W
N
= fK < ag for some constant a.
11
This deformation of the dierential operator may be equivalently viewed as multiplication of
the metric by some function of K, which is bounded on W
N
. This new metric is quasiisometric
to the old, so the cohomology is unchanged.
13
5.2. Exact Sequences Relating Subsets of M
N




























































)  ! 0 (5:20)
induces a long exact sequence relating the cohomology of W
N











satises (5.7) and (5.8) then

































For future reference, let us apply this formula in the two black hole case, with W
2
=






























that satises (5.7), (5.8), (5.11) and (5.15), and whose union is the entire space M
N
;






























)  ! 0; (5:24)
12
One must take care when applying Hodge duality to cohomology with respect to the operator









. So in general Hodge duality will not interchange cohomology classes. However, on
regions where K is bounded then we may multiply forms by a factor of e
K
and reduce to usual
@-cohomology. Thus Hodge duality allows us to relate Dirichlet and Neumann cohomology on
W
N






where r denotes the restriction map and s denotes the subtraction map. Both r and
s are compatible with the dierential operator @   D, so the usual arguments give the
Mayer-Vietoris sequence for @  D cohomology,




















)  !    (5:25)












We saw in section 2.3 that all chiral primaries have j
R




5.3. Exact Sequence for M
3
Cohomology










j > c; j~x
2






















j < 8cg. For any value of j
R
we may choose a value


















; and use Mayer-Vietoris









































) looks like a thickened cylinder with a single hole
removed, whereas U
3























































)!    (5:28)
reduces to
































)!   
(5:29)
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j < 8c; j~x
i
j > cg: (5:30)














j < 8c; j~x
1
j > c; j~x
2
j  cg contains the ~x
2
= 0 singularity.
We will remedy this by taking the metric on the j~x
2


















tube with a hole removed at j~x
1










this region looks like U
2
























with the correct M
3
metric, so


























)!    (5:31)













j > cg. This base is W
2






























where we use the fact that W
2
has cohomology only at negative j
R
, so that only the
positive charge cohomology of B









. We conclude from (5.22) that the only nonvanishing cohomology is at


































) for p = 1 and 0 for p 6= 1.












) = 0: This
space is a B







g. We will show that H
p
(S) = 0:
For computing cohomology, the space S can be identied with B[W
2










. Hence for charge j
R



































), which is zero for j
R
 0.






) is simply the restriction map. Hartog's theorem
states that in complex dimension greater than 1, holomorphic functions on a domain D
minus an interior ball extend across the entire domain D, hence this restriction map is an












) = 0. At negative
j
R
we apply Hodge duality to the positive j
R
results, and conclude that H
p
(S) = 0 for all
j
R
. Substituting the results of the previous two paragraphs into (5.31), we nd that the
































is dened by the conditions c < j~x
1





8c; these already imply the third condition, j~x
2
















Now we are ready to substitute all these results into (5.29). Recall from the preceding
section that the only nonvanishing cohomology of Y
3















































It is useful to further rene the equation (5.37). The cohomology appearing in any
exact sequence can be restricted to eigenspaces of an operator which commutes with @ D.





































































































In this paper we have dened the index I
(N)
by exploiting the enhanced supercon-
formal structure of low-energy black hole quantum mechanics. One may also dene the
index using only the superpoincare structure. This leads to the standard formula for the
Witten index in supersymmetric quantum mechanics as the dimension of the kernel of
@+ @
y
minus the dimension of the kernel of the adjoint. In order to make this well dened
we must restrict to L
2
forms (without an e
 2K
measure factor).
It is not hard to see, at least for N = 2, that there are no L
2




and this denition leads to a trivial index, in contrast to the superconformal result (4.7).
This comes about because the states which contribute to the index as computed in (4.7)
in some sense live at the boundary of moduli space (where black holes coincide) and are
lost in the restriction to L
2
states.
Potentially, these dierent denitions of the index are answers to dierent physical
questions. Which denitions of the index will be useful for a full understanding of low-
energy black hole dynamics remains to be seen.
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Appendix A. The Behavior of L
In this appendix we detail some properties of L and verify the bound (3.7) used in
the proof of the rst vanishing theorem.
The expression (2.5) for the function L is divergent, but this divergence disappears
after dierentiating L to form the metric. The irrelevant divergences can be subtracted,











































































































is bounded in the regions of small K <
1

and large K >  for suÆciently large .
On a surface of constant K everything is bounded. Let us denote by  a set of
coordinates on such a surface. The Lie derivative L
D
generates motion to larger values
of K as L
D














lnK + f() (A.4)





























K + f() lnK + g() where f























at K ! 0 and at K !1 since f and g are both bounded functions. Thus
(A.3) is bounded at both small K and large K.
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Appendix B. Ball Cohomology
We now summarize various results on ball cohomology in four dimensions. As usual































This may be seen by noting that anti-holomorphic functions on the 4-ball are generated by























the usual complex coordinates on R
4
. Hodge duality exchanges Neumann and Dirichlet








). Thus the nonvanishing Dirichlet





















be the punctured ball, which is the standard 4-ball minus a smaller 4-ball




















)  ! 0 (B.3)
which relates forms with Dirichlet and Neumann boundary conditions. As usual, this
induces a long exact sequence giving the Neumann cohomology of B

in terms of (B.1)
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